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$S- \mathrm{H}\mathrm{a}\iota \mathrm{d}\mathrm{y}$-Littlewood homogeneous spaces and its application
(Masanori Morishita) ( )
( $\mathrm{T}$ w Watanabe) ( )
, Borovoi
Rudnick$([\mathrm{B}- \mathrm{R}])$ Hardy-Littlewood . ”S-Hardy-Littlewood




, , . ”Hardy-Littlewood” ,
, [M-W2] .
1. .
$k$ , $\mathcal{O}$ . $k$ $\mathcal{V}$
. $\mathcal{V}_{\infty}$ , $v_{f}$ . $v\in \mathcal{V}$
, $k_{v}$ $k$ $v$ , $|\cdot|_{v}$ $k_{v}$ . $v$
$\text{ }\mathcal{O}_{v}$ $k_{v}$ A $k$ ,
$k_{\infty}$ , $\mathrm{A}_{f}$ . $k$ $X$
, $X(.\mathrm{A})$ . $X(\mathrm{A})$ $X$. $(\mathrm{A})=X(k\infty)\mathrm{X}X$ (A$f^{)}$
. $G$ $k$ , $G(\mathrm{A})$
$\omega_{\mathrm{A}}^{G}$ , $\tau(G)$ . $G$ $X_{k}^{*}(G)$
.
$G$ $k$ $f$ , $X$ $G$
. $.G$ $X$ $k$ .
.
(11) $X$ $k$- $x_{0}\in X(k)$ .
(1.2) $x_{0}$ $G$ H=Hx , $H$ $f$ .
, $X(\mathrm{A})$ $G(\mathrm{A})$ $\omega_{\mathrm{A}}^{G},$ $\omega_{\mathrm{A}}^{H}$ – .
$\omega_{\mathrm{A}}^{X}$ . $S- \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{y}_{-}\mathrm{L}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{w}\mathrm{o}\mathrm{o}\mathrm{d}$ , -
(1.3) $\mathcal{V}$ $S$ .
(1.4) $G$ $k$- $\dot{W}$ $k$ G- $\iota:Xarrow$
$W$ .
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(1.5) $v\in S$ , $k_{v}$- $W(k_{v})$ $||\cdot||_{v}$ .
(1.4) Chevaley . $S$
$X(k_{S})= \prod X(k_{v})v\in S$ ’
$X( \mathrm{A}^{s})=\prod’X(k_{v})$
$v\in V\backslash S$
, $X(\mathrm{A})$ $X(\mathrm{A})=X(ks)$. $\mathrm{X}x.$ (As) .
$X(k_{v_{\infty}\backslash s})=$ $\prod$ $X(k_{v})$ , $X( \mathrm{A}^{\mathcal{V}_{\infty^{\cup}}S})=\prod’X(k_{v})$
$v\in V_{\infty}\backslash S$ $v\in V_{f}\backslash S$
, $X(\mathrm{A})=^{x}(ks)\cross x(k_{\mathcal{V}_{\infty}\backslash }S)\mathrm{x}X(\mathrm{A}^{\mathcal{V}}\infty\cup s_{)}$ . , $X(\mathrm{A})$
$B=Bs\cross Bv_{\infty}\backslash s\cross B^{\mathcal{V}_{\infty}S}\cup$ .
(1.6) $B_{S}= \prod_{v\in s}B_{v}$ $X(k_{S})$ G(ks)- .
(1.7) $B_{\mathcal{V}_{\infty}\backslash S}$ $W(k_{v_{\infty}\backslash S})$ $X(k_{v_{\infty}\backslash s})$ .
(1.8) $B^{\mathcal{V}_{\infty}\cup s}$ $X$ (A$v_{\infty}\cup s_{)}$ .
$T$ ,
$Bs(T)=$ { $(x_{v})\in B_{S}$ : $v\in S$ $||x_{v}||_{v}\leq T$}
$B(T)=B_{S}(T)\cross B_{\mathcal{V}_{\infty}\backslash S}\cross B^{\mathcal{V}_{\infty}\cup S}$
. $B(T)$ $X(\mathrm{A})$ . $g\in G(\mathrm{A})$
$N_{S}(T, x, B, g)=\#(X(k)g\cap B(T))$
.
. $X$ $(1.1),(1.2)$ $G$- . 2
$0$ $\delta:X(\mathrm{A})arrow \mathbb{R}_{\geq 0}$ , $X$ S-Hardy-Littlewood
.
$(\mathrm{S}.-\mathrm{H}\mathrm{L}1)\delta$ , G(ks)- ,
(S-HL2) $(1.6),(1.7),(1.8)$ $X(\mathrm{A})$ $B$ $g\in G(\mathrm{A})$
$N_{S}(T, x, B,g) \sim\int_{B(\tau)}\delta(xg^{-})dv_{\mathrm{A}}^{\mathrm{x}}1(x)$ $(Tarrow\infty)$
.
2
( $T$ 2 $fi(T),$ $f_{2}(T)$ , $f_{1}(T)\sim f_{2}(T)(Tarrow\infty)$
, $f_{2}$ $0$ $\lim_{Tarrow\infty}f1(\tau)/f_{2}(T)=1$ , $f_{2}$ $0$ $f_{1}$
$0$ ) . $\cdot$ ..$\cdot$ .
$\delta$ .
1. (1.4) (1.5) ,
.
2. $S=\mathcal{V}_{\infty}$ . $G$ $G(k_{S})$ ,
$X(k_{S})$ $G(k_{S})$- . ( $\mathrm{S}$-HLI) $\delta$
$G(ks^{)}$- $\delta$ . ( $\mathrm{S}$-HLI) [B-R,
Definition 2.3] - .
3. (S-HL2) $X(k_{S})$ .
4. ([M-W2, Theorem 22] ) [$\mathrm{M}-\mathrm{W}21$ (S-HL2)
$g$ , A
(5),(6) . [M-W2, $\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2.2$ ]
[M-W2, Definition 2.1] .
. $[\mathrm{M}- \mathrm{W}2, \mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}\mathrm{s}3.1,3.2]$
.
$\delta$ .
A. $X$ $\delta$ S-Hardy-Littlewood .
(1) $\delta$ $(\mathrm{s}- \mathrm{H}\mathrm{L}1),(\mathrm{S}_{-\mathrm{H}\mathrm{L}2)}$ – .
(2) $\delta$ $G(k.)$- $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}\delta\subset X(k)G(\mathrm{A})$ .
(3) $S\cup \mathcal{V}_{\infty}$ $S_{1}$ , $X$ Sl- $X(\mathcal{O}_{S_{1}})$ t
$\prod_{v\in v\backslash 1}sX(\mathcal{O}_{v})$ .





$\mathcal{T}(c, X)^{-1}$ $(x\in X(k)G(\mathrm{A}))$
$0$ $(x\not\in X(k)G(\mathrm{A}))$
. $\tau(G, X)$ $X$ .
(6) $G$ $S$ $X_{k}^{*}(c)=x^{*}(kH)=0$ .
$\delta(x)=\{$
$\tau(G, X)^{-1}$ $(x\in X(k)G(\mathrm{A}))$
$0$ $(x\not\in X(k)G(\mathrm{A}))$
3
. $\tau(G, x)=1$ $\delta$ $X(\mathrm{A})$ 1 .
(7) $\delta$ $X(\mathrm{A})$ 1 , $X(k)$ $X(\mathrm{A}^{S})$ .
4. $N_{G}$ $G$ . Kneser, Platonov , $G$ $S$
2
(i) $G/N_{G}$ .
(\"u) $G/N_{G}$ $G_{i}$ , $G_{i}(k_{S})$
.




. ker $(k, G)= \mathrm{k}\mathrm{e}\mathrm{r}(H^{1}(k, G)arrow\prod H^{1}(k_{v}, G))$ . $G/N_{G}$
$v\ovalbox{\tt\small REJECT} v$
$\tau(G, X)=\#\mathrm{p}\mathrm{i}\mathrm{C}(H)$ .
7. (6) , $\delta$ $S$ . $\delta$
. ”S – ”
$\text{ }$ . , $S$ $S’$ , ”X S-Hardy-Litt.lewood
$X$ $S’$-Hardy-Littlewood ” – .
2. S-Hardy-Littlewood
. $G,$ $X$ $(\dot{1}.1),$ $(1.2)$ , (1.3), (1.4),
(1.5) . $G$ .
$v\in \mathcal{V}$ $K_{v}$ $G(k_{v})$ .
$w\in S$ $x\in X(k)$ . $H_{x}$ $x$ $G$ ,
$H_{x}(k_{w})\backslash G(k_{w})$ $\mathcal{H}_{x,w}$
$\mathcal{H}_{x,w}=$ { $f:H_{x}(k_{w})\backslash c(k_{w})arrow \mathbb{C}$ : , $w\in v_{f}$ Kw- }
. $G(k_{w})$ $P$ $\mathcal{H}_{x,w}$ . $f\in \mathcal{H}_{x,w}$ , $\pi_{f}$
$\{p(g)f:g\in G(k_{w})\}$ $\mathbb{C}$- . $\pi_{f}$ $\rho$ .
$\mathcal{H}_{x,w}$ $\mathcal{H}_{x,w}^{u}$ . .
$\mathcal{H}_{x,w}^{u}=$ { $f\in \mathcal{H}_{x,w}$ : \mbox{\boldmath $\pi$} , $G(k_{w})$ }
4
2 $(\mathrm{V}_{x,w}),$ $(\mathrm{M}\mathrm{F}_{x,w})$ .
$(\mathrm{V}_{x,w})$ $f\in \mathcal{H}_{x,w}^{u}$ $0$ . $\epsilon>0$ , $H_{x}(\text{ _{}w})\backslash G(k)w$
$c_{f,\epsilon}$ , $g\not\in c_{f,\epsilon}\Rightarrow|f(g)|<\epsilon$, .
$(\mathrm{M}\mathrm{F}_{x,w})$ $f\in \mathcal{H}_{x,w}^{u}$ , $\pi_{f}$ $\mathcal{H}_{x,w}$ .
$(\mathrm{V}_{x,w})$ Howe-Moore
. .
B. $G,$ $X$ , $G$ , $k$-anisotropic .
2 . .
(2.1) $v\in S$ , $G$ $k_{v}$-anisotropic .
(2.2) $w\in S$ , $(\mathrm{V}_{x,w}),$ $(\mathrm{M}\mathrm{F}_{x,w}..)$ $k$- $x\in X(k)$
.
(2.2) $w$ , $W(\text{ _{}w})$ $||\cdot||_{w}$ Kw-
. $X$ S-Har$\mathrm{d}\mathrm{y}$-Littlewood .
$\delta(x)=\{$
$\mathcal{T}(c, X)^{-1}$ $(x\in X(k)G(\mathrm{A}))$
$0$ (x\not\in X( )G(A))
.
Kuga, Murase Duke, Rudnick, Sarnak .
[M-W2] .
8. (2.1) $G$ $S$ .
9. (2.2) , $(\mathrm{V}_{x,w}),$ $(\mathrm{M}\mathrm{F}_{x,w})$ $X(k)$ G(k)-
$x$ .
10. $W(k_{w})$ $||\cdot||_{w}$ $K_{w}$ $L_{w}$ . $\mathcal{H}_{x,w}^{u}$





11. $X$ . $w\in v_{\infty}$ , $G$ kw-
, $\mathrm{k}_{w}$ - tropic , $(\mathrm{V}_{x,w}),$ $(\mathrm{M}\mathrm{F}_{x,w})$ $x\in X(k)$




. $G$ , $k$-anisotorpic , $X$ .
$w$ $G$ kw- w-isotropic . $w\in S$
$S$ , $X\text{ }S- \mathrm{H}\mathrm{a}\mathrm{r}\mathrm{d}\mathrm{y}- \mathrm{I}\Delta \mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{w}\mathrm{o}\mathrm{o}\mathrm{d}$ .
12. Borovoi-Rudnick [B-R] .
$G$ , $\mathcal{V}_{\infty}$ , $X$
. $X_{k}^{*}(H)=0$ . $X$ $\mathcal{V}_{\infty}$ -Hardy-Littlewood .
3.
, 3 2 2 $S$
S-Hardy-Littlewood , , , 2
SL – .
$W$ $k$ 3 , $Q(x)$
$W$ 2 . $W_{-}(\text{ })$ $e_{1},$ $e_{2},$ $e_{3}$ $Q(x)$





$\sup(|X_{1}|v’|x_{2}|_{v}, |x\mathrm{s}|_{v})$ ($v$ )
. , $a\in k^{\cross}$ , $W$ 2 $X=\{x\in W:Q(x)=a\}$
. $X$ $G=SO(Q)$ $\overline{G}=S’\dot{\mu}n(Q)$ . $X$ k-
$x_{0}\in X(k)$ .
C. $Q(x)$ $k$-anisotropic . $k$ $S$
1 .
(3.1) $w\in S$ , $Q(x)$ $k_{w}$-isotropic .
(3.2) $v\in S$ , $v\parallel 2d(Q)$ $Q(x)$ $k_{v}$-isotropic .
$X$ $s- \mathrm{H}\mathrm{a}\Gamma \mathrm{d}\mathrm{y}_{-\mathrm{L}}\mathrm{i}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{e}\mathrm{W}\mathrm{o}\mathrm{o}\mathrm{d}$ ,
$\delta(x)=\{$




(3.1) $\mathrm{B}$ . (3.2) , Bump-
Furusawa-Friedberg $G(k_{v})$ Bessel-Novodvorski $(\mathrm{V}_{x,v})$
. . .
$k$ $\mathbb{Q}$ $n$ $Q(x)$ . $X=\{x\in$
$W:Q(x)=1\}$ . $N$ , $S$ $N$ $k$
. 2 $X(k_{\infty})$ $S$- .
, $k$ $w_{1},$ $\cdots,$ $w_{n}$ , – .
$m$ , $X_{Q}^{m}=\{x\in W:Q(X)=N^{2}m\}$ . X( \infty ) $= \prod_{i}X(\text{ _{}wi})$
$B_{\infty}$
$N_{m}(Q, B_{\infty})=\#\{x\in X_{Q}^{m}(\mathcal{O}):(N^{-m}w1(X), \cdot\cdot -, N^{-m}w_{n}(X))\in B_{\infty}\}$
$marrow\infty$ . $S$- ,
$m_{0}$ , $X_{Q}^{m_{0}}(\mathcal{O})$ . Siegel , $X_{Q}^{m}$







. $\omega_{v}^{X}$ $X$ $G$- $X(k_{v})$
,
$X(N^{-m}\mathcal{O}_{v})=$ {$x\in X(k_{v}):|$ $|_{v}\leq|N^{-}m|_{v}$ }
. $\mathrm{C}$ .
D. $k,$ $Q,$ $N$ , .
(3.3) $N$ 2 .
(3.4) $d(Q)=1$
(3.5) $N$ $v$ , $v \int 2$ $Q(x)$ $k_{v}$-isotropic .
(3.6.) 2 $k(\sqrt$-1 $)$ / . ( )
7
, X( \infty ) $B_{\infty}$
$N_{m}(Q, B \infty)\sim\frac{\omega_{\infty}^{X}(B_{\infty})}{\omega_{\infty}^{X}(X(k_{\infty}))}N_{m}(\mathcal{G})$ $(marrow\infty)$
.
. $S$ $N$ $k$ . $(3.4).’(3. \cdot 5)$




$N_{m}(Q, B_{\infty}) \sim\int_{B(m)}\delta(x)M_{\mathrm{A}}^{X}(x)$ $(marrow\infty)$
. . $B(m)\cap \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}^{\delta}$ .
$v$ $X(\text{ _{}v})$
$\overline{G}(k_{v})$- .
$X(k_{v})$ 2 , $k_{v}^{\cross}/N_{kv(\sqrt{-1})}/k_{v}(\text{ _{}v}(\sqrt{-1})^{\mathrm{X}})$
. (3.6) $B(m)$ 2 .





13. (3.4) $X(k_{v}),$ $X(\mathcal{O}v)$
.
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